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ABSTRACT. Let M be a von Neumann algebra that has a F0lner net . In the present article we 
give conditions that guarantee that the von Neumann crossed product of M with an amenable 
discrete group has a F0lner net . The F0lner net for the crossed product is given explicitly and 
the result is applied to the rotation algebra. 
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1. Introduction 

Many notions in group theory have their counterparts in the context of operator algebras. 
F0lner nets were introduced in the context of operator algebras by Alain Connes in his seminal 
paper [20, Section V] (see also [21, 31, 32]). This notion is an algebraic analogue of F0lner's 
characterization of amenable discrete groups (see Section 2 for precise definitions) and was used 
by Connes as an essential tool in the classification of injective type Hi factors. Recently, this 
circle of ideals has been used to define a new invariant for a general separable type Hi factor 
that measures how badly the factor fails to satisfy Connes' F0lner type condition. 

In addition to these theoretical developments, F0lner nets have been used in spectral approx- 
imation problems: given a sequence of linear operators {T n } ng N in a complex Hilbert space H 
that approximates an operator T in a suitable sense, a natural question is how do the spectral 
objects of T relate with those of T n as n grows (for general references see, e.g., [19, 4]). This 
line of research, emphasizing now the importance of the operator algebraic point of view, was 
initiated by Arveson in a series of papers [1, 2, 3] (see also [1 1]). Among other results, Arveson 
gave conditions that guarantee that the essential spectrum of a selfadjoint operator T may be re- 
covered from the sequence of eigenvalues of certain finite dimensional compressions T n . These 
results were then extended by Bedos who systematically applied the concept of F0lner net to 
spectral approximation problems [8, 7, 6] (see also [18]). 



Date: August 9, 2010. 

2010 Mathematics Subject Classification. 47L65, 46L60, 43A03. 

Key words and phrases, crossed products, von Neumann algebras, F0lner sequences, quasidiagonality, amenable 
groups, rotation algebra. 

This work is partly supported by the project MTM2009-12740-C03-01 of the Spanish Ministerio de Ciencia e 
Innovacidn. 

1 



2 



F. LLEDO 



Let T C £(H) be a set of bounded linear operators on the complex separable Hilbert space 
%. A net of non-zero finite rank orthogonal projections {Pi}i & j is called a F0lner net for T, if 

||TPj - PiT\\ 2 

llm iTDN = °' T G T ' 

* ||"i||2 

where || • H2 denotes the Hilbert-Schmidt norm. The existence of a F0lner net for a set of 
operators T is a weaker notion than quasidiagonality. Recall that a set of operators Tc 
is said to be quasidiagonal if there exists a net of finite-rank projections {Pi}i as before such 
that 

lim \\TPi - PiT\\ = , TeT. 

i 

It is easy to show that if {Pi}iei quasidiagonalizes the set of operators T, then it is also a 
F0lner net for T. Moreover, the F0lner condition above can be understood as a quasidiagonality 
condition, but relative to the growth of the dimension of the underlying spaces. Quasidiagonality 
has also deep consequences for the structure of C*-algebras (see, e.g., Chapter 7 in [17] or 
[15, 9, 14, 39]) and is very useful notion in spectral approximation problems (cf. [16, 24]). 

The question when a crossed product of a quasidiagonal C*-algebra is again quasidiagonal 
has been addressed several times in the past (see, e.g., Section 11 in [15]). In Lemma 3.6 of 
[30] it is shown that if A is a unital separable quasidiagonal C*-algebra with almost periodic 
group action a : Z — > AutA, then the C*-crossed-product A x Q Z is again quasidiagonal. This 
result has been extended recently by Orfanos to C*-crossed products A x Q T, where now T is a 
discrete, countable, amenable, residually finite group (cf. [26]). In this more general case there 
is again a condition on the group action of V on A. This result has been applied to generalized 
Bunce-Deddens algebras in [27]. 

The aim of the present paper is to give conditions and construct explicitly F0lner nets for the 
cross-product of the von Neumann algebra M that has a F0lner net and a discrete amenable 
group T with F0lner net Tj for V (see Theorem 3.3 for a precise statement). In our case we have 
to assume also a certain compatibility condtion between the choice of the F0lner net for M. and 
the F0lner net {Tj}j for V through the action a: T — > AutM. In the existing literature there 
are only a few concrete constructions of F0lner nets in the context of von Neumann algebras. 
In general, it is not true that a F0lner net for a concrete C*-algebra is a F0lner net for its weak 
closure. Bedos shows in Proposition 4 of [6] that there is a F0lner net for the twisted group von 
Neumann algebra of a discrete amenable group V which is canonically associated the F0lner 
net {Ti}i for V (cf. Theorem 3.2). Boca defines in Proposition 1.15 of [10] a F0lner sequence for 
the von Neumann algebra Mg generated by the rotation algebra Ag in a tracial state. The choice 
of this sequence is adapted to the structure of the corresponding GNS Hilbert space. Our main 
result may also be applied to the rotation algebra Ag since it can be interpreted as a crossed 
product Ag = C(T) x Q Z, where C(T) are the continuous function on the unit circle and the 
action of Z is given by a suitable rotation of the argument (see Subsection 3.2 for details). In 
particular, we will specify a different F0lner net for the von Neumann crossed product Ng = 
L°° (T) <g) a Z than the one considered by Boca. From the point of view of spectral approximation 
problems it is more natural to consider the von Neumann algebra point of view since these 
alegebras contain all the spectral projections of the normal operators contained in it. In fact, the 
F0lner nets considered for the rotation algebra may be aplied to study spectral approximation 
problems of very interesting operators like periodic magnetic Schrodinger operators or almost 
Mathieu operators which are contained in Ng (cf. [36, 10]). 

2. F0LNER NETS AND QUASIDIAGONALITY 

A discrete group Y is amenable if it has an invariant mean, i.e. there is a state tp on the von 
Neumann algebra £°°(T) such that 
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where u is the left-regular representation on l 2 (T). A F0lner net for T is a net of non-empty 
finite subsets r 8 C T that satisfy 

(2.1) lim IfrrOArii = o for aU ^ e r ^ 

* |m| 

where A denotes the symmetric difference and |Tj| is the cardinality of Tj. Then, V has a 
F0lner net if and only if T is amenable (cf. Chapter 4 in [29]). Some authors require, in addition 
to Eq. (2.1), that the net is increasing and complete, i.e. r, C Tj if i =4 j and T = UjiV We 
will not make these additional assumptions here. 

The algebraic counterpart of this notion was introduced by Connes in his seminal paper [20] 
as an important tool in the analysis of the injective type Hi factor (see also [21, Section 2]). 
Later this notion was used in a systematic way by Bedos in the context of eigenvalue distribution 
problems (cf. [7, 6]). 

Definition 2.1. Let T C C(H) be a set of bounded linear operators on the complex separable 
Hilbert space %. A net of non-zero finite rank orthogonal projections {Pj}j e / is called a F$lner 
net for T, if one of the four following equivalent conditions holds for all T G T: 

WTP- — P-TW 

(2.2) lim " = 0, P€{1,2} 

1 1 1 i 1 1 p 

or 

(2-3) lim ll(f ~,p'f Pi|lp =0, p€{l,2}, 

1 1 1 *i 1 1 p 

where \\ ■ \\i and \\ ■ W2 are the trace-class and Hilbert-Schmidt norms, respectively. 

The equivalence of the conditions in this definition is proven in Lemma 1 of [6]. An immedi- 
ate consequence of the previous definition is that the existence of a F0lner net for a C*-algebra 
can be already verified on a generating set. 

Proposition 2.2. Let T C C(H) be a set of operators. If {Pi}i is a F$lner net for T, then it is 
also a F$lner net for the C*-algebra C*(T) generated by T. 

The existence of a F0lner net for a set of operators T is a weaker notion than quasidiagonality. 
Recall that a set of operators Tc is said to be quasidiagonal if there exists a net of finite- 

rank projections {Pjjjg/ as in Definition 2.1 such that 

(2.4) lim \\TPi - PjT\\ = , for all T e T . 

i 

The F0lner condition, in particular Eq. (2.2), can be understood as a quasidiagonality condition, 
but relative to the growth of the dimension of the underlying spaces. It can be easily shown 
that if {Pi}i quasidiagonalizes a family of operators T, then this net of non-zero finite rank 
orthogonal projections is also a F0lner net for T. The notion of quasidiagonality can be extended 
to the abstract C*-setting, where one must be particularly careful in the non-separable case 
(cf. [15, 17]). 

The existence of a F0lner net has important structural consequences. For the next result we 
need to recall the following notion: a hypertrace for a C*-algebra A acting on a Hilbert space 
H is a state ^ on B{%) that is centralised by A, i.e. 

V{XA) = V(AX) , X e B{U) , A e A . 

Hypertraces are the algebraic analogue of the invariant mean mentioned above. 

Proposition 2.3. Let A C C(H) be a concrete C*-algebra. Then A has a F0lner net iff A has 
a hypertrace. 

To simplify expressions in the rest of the article we introduce the notion of the commutator 
of two operators: [A, B] := AB - BA. 
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Examples: 

(i) The unilateral shift is a prototype that shows the difference between the notions of 
F0lner sequences and quasidiagonality. On the one hand, it is a well-known fact that 
the unilateral unilateral shift S is not a quasi-diagonal operator. (This was shown by 
Halmos in [22]; in fact, in this reference it is shown that S is not even quasi-triangular.) 
In the setting of abstract C*-algebras it can also be shown that a C*-algebra containing 
a proper (i.e. non-unitary) isometry is not quasi-diagonal (see, e.g. [15, 17]). It can be 
shown, though, that certain weighted shifts are quasidiagonal (cf. [33]). 

On the other hand, it is easy to give a F0lner sequence for S. In fact, define S on 
% := ^ 2 (No) by Sei := ej+i, where {e^ | % = 0, 1, 2, . . . } is the canonical basis of % 
and consider for any n the orthogonal projections P n onto spanjej | % = 0, 1, 2, . . . , n}. 
Then 



and 



°n+l\ 







\\[Pn,S\\\ 2 1 _ 

\\Pnh V™ n 

A similar argument shows directly that {P n } n is a F0lner sequence for any power S k , 

k € N. 

(ii) We will verify that the previous sequence is not a F0lner sequence for the following 
realization of the isometries generating the Cuntz algebra O2. Consider on % := £ 2 (Nq) 
the isometries S\ei := e2i and S^&i ■= e2i+i which satisfy S*Sj = 5ij, i,j € {1,2}, 
and S\S* + S2S2 = 1. In this case we have 

|| [^n,^!] || 2 = ^2 \\i p 2n,Si}ei = ^ ||e 2 i|| 2 = n. 
i=l i=n+l 

and the limit in (2.2) does not exist. (Similar arguments for 52.) 

(iii) Let T G C{H) be a self-adjoint operator. If a sequence of non-zero finite rank orthogo- 
nal operators {P n } n satisfies 

sup||(l-P„)TP ri || 2 <oo, 

neN 

then {P n } n is clearly a F0lner sequence for T. Concrete examples satisfying the pre- 
ceding condition are self-adjoint operators with a band-limited matrix representation 
(see, e.g., [2, 3]). Band limited operators together with quasidiagonal operators are 
the essential ingredients in the solution of Herrero's approximation problem, i.e. the 
characterization of the closure of block diagonal operators with bounded blocks (see 
Chapter 16 in [17] for a comprehensive presentation). 

3. F0LNER NETS AND CROSSED PRODUCTS 

The crossed product may be seen as a new von Neumann algebra constructed from a given 
von Neumann algebra which carries a certain group action. This procedure goes back to the 
pioneering work of Murray and von Neumann on rings of operators. Standard references which 
present the crossed product construction with small variations are [35, Chapter 4], [37, Sec- 
tion V.7] or [25, Section 8.6 and Chapter 13]. 

Throughout this section M denotes a concrete von Neumann algebra acting on a complex 
separable Hilbert space %. We shall assume that a is an automorphic representation of a count- 
able discrete group V on M, i.e. 

a : T ->• Aut M . 
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The crossed product is a new von Neumann algebra constructed with the previous ingredients 
and that lives on the separable Hilbert space 



(3.1) K := f(T) ®U = 

where % 1 = T-L for all 7 G T. To make this notion precise we introduce representations of Ai 
and T on K, respectively: for £ G K we define 

(3.2) (tt(M)0 7 := a-\M)^, M e M, 
(3-3) (U(7o)0, ■■= L-K- 



The crossed product of M. by T is the von Neumann algebra in K, generated by these opera- 
tors, i.e., 

M = M a T := ( {vr(M) | M G 7W} U {£/( 7 ) | 7 G T} )" C £(/C) , 

where the prime denotes the commutant in £(/C) and „4" := (-4/)' for any A C C(K,). A 
characteristic relation for the crossed product is 

(3.4) vr K(M)) = t/(7)7r(M)[/( 7 )- 1 , 

that is, 7r is a co variant representation of the W* -dynamical system (M, T, a). 

Remark 3.1. Later we wi/Z «ee<i the following characterization of the elements in the crossed 
product: consider the identification K. = @ "H 7 with Ti^ = %, 7 G T. Then, every T G C{JC) 

can be written as an infinite matrix (Ty 7 )y 7e r with entries Ty 7 G Any element N in 

the crossed product M C £(/C) the form 

(3-5) iVy 7 = a 7 1 (A( 7 V 1 )) , 7',7er, 

/or iome mapping A : T — > M. C Smce any N £ M is bounded operator it follows that 

(3.6) ^||A( 7 )|| 2 <oo. 

For example, the matrix form of the product of generators N := ir(M) ■ U{jq), M G A4, 
70 G T is given by 

(3.7) iVy 7 = a- 1 (M)5y , 707 = «y(^(7V 1 )) , where A(j) := | ^ • 

This implies that any function A : T — > M. with finite support determines by means of 
Eq. (3.5) an element in the crossed product. 

3.1. Construction of a F0lner nets. The aim of the present section is to give a canonical 
example of a F0lner net for the crossed product von Neumann algebra N constructed above. 
Since N C C()C) with K, = l 2 (T) %, our net is canonical in the sense that it uses explicitly a 
F0lner net for V and a net of projections on % (cf. Theorem 3.3). We will assume first that the 
von Neumann algebra A4 C C(T~l) has a F0lner net {Qi}ie/ ■ 
We begin recalling Proposition 4 of [6] : 

Theorem 3.2. Assume that the group V is amenable and denote by {Pi}i the net of orthogonal 
finite-rank projections from £ 2 (T) onto £ 2 (Ti) associated to a F$lner net {Ti}ifor the group T 
(cf. Section 2). Then {Pi}i is a F$lner net for the group von Neumann algebra 

Mr -.= M7) I 7 e r}" c C(£ 2 (T)) , 

where U is the left regular representation ofT on £ 2 (T). 

Note that the previous result means that the net {Pi}i satisfies the four equivalent conditions 
in Definiton 2.1 for any element in the group von Neumann algebra Mr- 
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Theorem 3.3. Consider the previous nets {Pi}i and {Qi}i of finite rank orthogonal projections 
defined on £ 2 (T) and Ti, respectively. Assume that the action of T on A4 satisfies: 



lim max ■ 

i \ 7er, 



(3.8) 

Then the net {Ri}i with 



[Q u a- l (M)\ h 



\\Q 



, for all M G M . 



i 2 



Ri := Pi <g> Qi 



is a F$lner net for the crossed product N = M. ® a T, i.e. the four equivalent conditions in 
Definition 2.1 are satisfied. 

Proof. Step 1: we consider the indentification JC = © % 7 , "H 7 = "H. In this case any element 
N in the crossed product N C £(X) can be seen as an infinite matrix of the form 



(3-9) 



tv 7 , 7 = a- 1 (A^V 1 )) , 7',7er, 



where 7 i-> ^(7) is a mapping from r — > M. (cf. Remark 3.1). Moreover, defining the unitary 
map 

W: U®l 2 {T) 



7<=r 



it is straightforward to compute the matrix form of the projections Ri = Pi ® Qi. 

\ Qi Vr ' 7'>7 e Ti 



{Ri) Yl := (WRiW*[ 



77 



, 



otherwise . 



The commutator of Ri with any N G J\f is 



7 7 



Qi N Yl , 7 £ Ti , 7' G ^ 
-7Vy 7 ft , 7 G Tj , 7' ^ Tj 
, 7 i ^ , i i T t . 



Step 2: we will check first the F0lner condition on the product of generating elements 
7r(M) C/(7o), 70 G T, M G .M (cf. Eqs. (3.2) and (3.3)). The corresponding matrix elements 
are given according to Eq. (3.7) by 

iV 7 '7 = a ^ 1 ( M ) <V ,707 • 

Evaluating the commutator with Ri on the basis elements {ej f 7 } Ji7 , with {7(7') := <5 7 y , we 
get 

f [Qi , a~ \(M)] ej f 7o7 , 7 G (^i) n T, 
a 707 (M) ej f 7o7 , 7 G (% l Ti) \ Ti 
-a~ \(M) Qi ej f 707 , 7 G \ (7^) 

lo, 7 i r, , 7 £ 7 - 1 r i . 



(3.10) 



, (7r(M)?7(7o)) e,f 7 =< 
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From this we obtain the following estimates in the Hilbert-Schmidt norm: 

2 
2 



[Ri , 7r(M)[/( 70 ) 
= ^|[^,(7r(M)[/( 7o ))] ej f. 



< £ II > <7( M )] IIS + 2 l(7o" 1 ri)Ar,| ||M|| 2 \\QiWl 

7e(7,7 1 r I )nr, 

< |r,| max || [Qi , a-\M)] \\\ + 2|( 7o - 1 r i )Ar i | ||M|| 2 . 

7^ i 

Using now the hypothesis (3.8) as well as the amenability of V via Eq. (2.1) we get finally 

2 



Ri , 7t(M)C/( 7 o) 



Ri 



7er» 



IIQilla 



and 



lim 

i 



Ri , n(M)U( l0 ) 



Ri 



= 0, m g M , 70 e r . 



Thus, we have shown the F0lner condition for the net {Ri}i on the product of generating ele- 
ments of the crossed product. By Lemma 2.2 we have that {Ri}i is also a F0lner net for their 
C*-closure 

Mc* :=C*({?7(7o),vr(M) | 7o G r , M G .M} ) . 

Step 3: finally, we need to extend the verification of the F0lner condition on the whole crossed 
product von Neumann algebra, that means on the weak closure. Recall from Remark (3.1) that 
any N € N is of the form Ny y = a" 1 {A^f'^' 1 )) for some A:T—> M. For N £ N fixed 

and e > consider a function A : T — > A4 with finite support such that 



(3.11) 



7er 



£ 

<4 



The element N defined in terms of A by means of 

iVy 7 = a' 1 (i^V 1 )) 

is contained in the C*-closure Nc* ■ To show the F0lner property we will use the second charac- 
terization given in Definition 2.1. For this we compute first the corresponding matrix elements: 



((l-R i )NR i ) 



(l-Qi)N^Qi, 7,7'GTi 

o , 7 e r? 
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where T? denotes the complement of Tj in T. From this we have 

ll(i-i£)(jv-jv)3£||! = IK 1 -Qi)(N-N) yi Qi ||| 



+ ^ ||(JV-JV)y 7 Q. 



* 1 1 2 



7 e r,, 
7' e r? 



< J] |a7 1 ((A-A)(y 7 - 1 )) Q, 



7 e r,, 
7' e r 



< ir.iiiQ.m^l^-A)^) 

7er 



< |r«| || Qn II 2 ^ 



Since the element A/" constructed above is contained in the C*-algebra Nc* we may choose iq 
so that 

< — , whenever 1 ^ iq. 



\\Rih 2 

Then, we have 

||(1-^)7V^|| 2 < ||(1- Rj){N -N)Rj\\ 2 | \\(l-%)NRj\\ 2 



i 2 



ll-Rilb ll-^ilb 1 1 A 

< - + - = £ , whenever i ^ io 

and the proof is concluded. □ 

The preceding result extends Theorem 3.2 (proved by Bedos), since in the special case where 
H. is one-dimensional and M. = CI, the crossed product reduces to the group von Neumann al- 
gebra Mr- Moreover, we also have the following immediate consequence for the corresponding 
concrete C*-crossed product. Let A C C(H) be a concrete C*-algebra, V a discrete group act- 
ing on A by means of a: V — > AutA Using the definitions in eqs. (3.2) and (3.3) we consider 
the following representation of the C*-crossed product: 

A x a r := C* ( {tt(A) \A£A}U {U(j) I 7 G T} ) C £(/C) , K = i 2 {T) ® H . 

Steps 1 and 2 in the previous proof give: 

Corollary 3.4. Let A C C(J-L) be a concrete C*-algebra with F0lnernet {Qi}i, T an amenable, 
discrete group acting on A as above a: V — > AutA Let {Pi}i be the net of projection associ- 
ated to the F$lner net {Tj} for T. Assume that the action ofT on A satisfies: 

( || \Qi,a- l (A)] || 2 \ 
(3.12) lim max " 1 „^ ,, n " = , for all A G A . 

i y-y^r, \\Qih J 

Then the net {Ri}i with 

Ri := Pi <g> Qi 

is a F0lner net for the C*-crossed product A xi a T, i.e. the four equivalent conditions in Defini- 
tion 2.1 are satisfied. 

Proof. See steps 1 and 2 in the proof of Theorem 3.2. □ 
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Remark 3.5. The compatibility condition (3.8) in the choices of the two F0lner nets requires 
some comments: 

(i) Note that the compatibility condition already implies that the net {Qi}i must be a F$lner 
net for the von Neumann algebra A4. We have assumed in Theorem 3.3 that M. has a 
F$lner net . 

(ii) Eq. (3.8) is trivially satisfied in some cases: IfT is finite, then the compatibility condition 
is a consequence of the F$lner condtion in Eq. (2.2) with p = 2. 

Another example is given by the crossed product £°°(T) xi a T, where V is a discrete 
amenable group, £°°(T) is the von Neumann algebra acting on the Hilbert space £ 2 (T) 
by multiplication and the action a of T on £°°(T) is given by left translation of the 
argument. If {Ti}i is a F$lner net for Y and we denote by {Pi}i the net of finite rank 
orthogonal projections from £ 2 (T) onto £ 2 (Ti), then it is easy to check 

[Pi,g]=0, gel°°{V). 

Therefore, we have 

sup || [Pi,a-\g)] \\ 2 = 0, g£l°°(r) 

and we may apply Theorem 3.3 to this situation. This particular example is essentially 
the context in which Bedos studies crossed products in Section 3 of [6]. In fact, in 
this particular context one can trace back the existence of a F0lner net for the crossed 
product to the amenability of the discrete group (see Proposition 14 in [6]). 

3.2. The example of the rotation algebra. The rotation algebra A$, 6 G M, is the universal 
C*-algebra generated by two unitaries U and V that statisfy the equation 

UV = e 2nid VU . 

This is one of the fundamental examples in the theory C*-algebras and has been extensively 
applied in mathematical physics. Interesting examples from the spectral point of view, like the 
Mathieu operator or discrete Schrodinger operators with magnetic potentials, can be identified 
as elements of the rotation algebra. This algebra can also be expressed as a crossed product 

A e = C{T) x Q Z , 

where C(T) are the continuous function on the unit circle and the action a : Z — > C(T) is given 
by 

(3-13) a k (f)(z) := f (e 2mke z) , f G C(T) , z G T . 

We will apply our main result to the von Neumann crossed product Me — L°° (T) ® a Z. 
Let {efc(z) := z k \ k G Z} be an orhtonormal basis of Hilbert space % := L 2 (T) with the 
normalized Haar measure. We choose (as in [6, p. 216]) a F0lner sequence {Q n }neN Q , where 
Q n denotes the orthogonal projection onto the subspace generated by {e« | i = 0, . . . n}. We 
take for the group V = Z the F0lner sequence F n := {— n, — (n— 1 ),..., (n— 1), n} and denote 
by P n the corresponding orthogonal projections on £ 2 (Z). First we verify that the compatibility 
condition (3.8) for our choice of F0lner sequences: 

Lemma 3.6. Consider the previous F0lner sequence {Q n } n for the von Neumann algebra 
M. := L°°(T) and the group action a: Z — > L°°(T) definded in Eq. (3.13). Then for g G 
L°°(T) we have 

II [Qn,^ 1 ^)] || 2 = || [Q n ,g] h , k G z , 

and 

l im Lax " ^',Sl, (g)] " 2 ) = , for all g G L°°(T) . 
n^oo y k er n \\Qi\\ 2 J v ' 
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Proof. The first equation is a consequence of the some elementary statements in harmonic anal- 
ysis: 

oo 

II [Qmot^ig)] ||1 = ^2 \\{QnOt- k (g) - a-k{g)Qn)ti\\ 2 



l=— oo 



-Q ri )a„ fc ( 5 r) q|| 2 + 

l=-n le 



^ \\Qna-k{g)ei\\ 2 

n,...,n}) 



£ \^ ke{m ' l) g(m-l) 



ra6(Z\{-n,...,n}) 



E E 

m=-n /G(Z\{-n,...,n}) 
II [Qn,#] 111 • 



e i2nk9( m -l) ^ m _ ^ 



The second equation follows directly from the first equation and the fact that {Q n } n is a F0lner 
sequence for L°°(T). □ 

Proposition 3.7. Le? A/# = L°°(T) <8> a Z, irrational, be the von Neumann algebra 
associated to the rotation algebra and acting on K. = £ 2 (Z) (g> %. 

(i) Consider the sequences {Q n }n&i and {P n }n<=N defined before. Then 

{R n := P n (g> Q n }neNo 

is a F$lner sequence for Mq. 

(ii) Let T € Mg be a selfadjoint element in the rotation algebra and denote by px the 
spectral measure associated with the unique trace of Mg. Consider the compressions 
T n := R n TR n and denote by fi T the probability measures on R supported on the 
spectrum of(T n ). Then fi T — > px weakly, i.e. 

lim j- (/(Ai, n ) + • • • + f(X dn ,n)) = I /(A) dp{\) , f e C 

n—>oo a n \ /J 

where d n is the dimension of the R n and {Ai jTt , . . . , \d„,n\ a™ the eigenvalues (repeated 
according to multiplicity) ofT n . 

Proof. Part (i) follows from Theorem 3.3 and Lemma 3.2. To prove Part (ii) recall Me is a factor 
of type Hi and therefore has a unique trace. The rest of the statement is a direct application of 
Theorem 6 (iii) in [6] to the example of the rotation algebra. □ 
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